A technique is presented for carrying out ab initio Hartree-Fock calculations on systems of infinite threedimensional periodicity. The method represents an adaptation of standard molecular basis-set expansion techniques and fully utilizes translational and point-group symmetry to simplify the calculations. It is shown that the expression for total energy may be written as a sum of pairwise interactions between neutral charge units consisting of a nucleus and a localized compensating electronic charge. The resulting sums are rapidly convergent. The technique is illustrated with sample calculations on face-centered-cubic lattices of hydrogen, lithium, and sodium. Generalization to systems of lower symmetry is discussed.
I. INTRODUCTION In recent years it has become increasingly apparent that existing theoretical techniques are inadequate for the detailed study of electronic states at solid surfaces and defect sites. Semiempirical band-calculation methods allow treatment of longrange periodicity, ' but do not permit the evaluation of total energies and hence cannot differentiate unambiguously between possible sur face or defect structures. Ab initio methods do not suffer from this limitation and have been successful in the study of localized chemisorptive bonding states on metal', and semiconductor' surfaces. However, these calculations have required that the surface be modeled using a finite cluster of atoms. This restriction leaves these methods incapable of considering a host of phenomena whose characteristics are intimately related to the two-dimensional symmetry of the surface.
We feel that the solution to this dilemma lies in the development of an ab initio var iational technique that includes full two-dimensional periodicity. Ultimately it will be necessary to allow systematic examination of electron correlation (manybody) effects; however, as a first step in this program we have considered a simpler problem: Exact Hartree-Fock (HF) calculations on threedimensional periodic systems. In this paper we generalize the ab initio techniques used previously in cluster studies~to take full account of periodicity. The resulting energy expressions retain the numerical simplicity of basis-set expansion techniques' and may be cast in a rapidly convergent form. To illustrate its application, we report the results of calculations on some simple systems: Pace-centered-cubic arrays of hydrogen, lithium, and sodium. While the development presented here is specific to systems of threedimensional periodicity, extension to systems of lesser periodicity is straightforward, and we conclude with a brief discussion of methods by which this may be done.
II. HARTREE-FOCK FORMALISM

A. Wave functions and Hamiltonian
The construction of general one-electron wave functions is begun by defining a basis of Bloch orbitals for each wave vector k as y', (r)= pe'" "~y'(r'-It, ), where (for simplicity) we have assumed a single atom per unit cell, and the sum runs over all N atoms (cells) of the semi-infinite lattice. Here the p'( r) are basis functions centered on the atoms and located by the vector R, . We will take them to be linear combinations of Cartesian Gaussians, y'(r) =x'y'z'e "
where 3, p, and q are integers, e is a variable scale factor, and~, is the normalization constant. In (3) the sum is over the m (nonorthogonal) basis functions for each k, and the subscript n identifies 22 Ab initio HARTRKE-FOCK CALCULATIONS OF CRYSTALLINE. . . the band (i.e., root of the Hamiltonian matrix for a given k). The coefficients C". ' are obtained variationally (solutions of the matrix HF equations). These one-electron wave functions (3) may be combined to form the single Slater determinant wave functions relevant to this study.
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and o= 1 refers to the atom chosen as the origin.
The quantities D"'"may be identified as elements of the one-particle density matrix upon noting that For systems with inversion symmetry,
Kn
As a result, we may avoid dealing with complex quantities by redefining (14) as
e a, Q CPC B. The density matrix
The form of (11) 
where the prime indicates pe 1 in the sum and R"=5, -5", the sum may be partitioned as follows: The partitioning of energy quantities in this fashion, while not unique, does clearly indicate the difficulties that might arise with straightforward truncation of (13). In using such a spherical cluster approach, two-electron integrals that retain all four indices within a radius R, of the origin are summed into the total energy. All nuclei within this radius are used in the computation of electron-nuclear (EN) attraction and nuclear-nuclear (NN) repulsion terms. As R~-~, the correct limit is reached, but, in general, the convergence is very slow. The reasons for this can be seen in Fig. 2(a) . Here we show a particular atom p, within a radius R, of the origin. A radius x' about p, is indicated for which p"(r) should be significant. For this atom, the EN and NN interactions with the charge unit at 1 will be fully counted, but only a portion of the interaction between p"(r) and this unit will be included. Coulomb (and corresponding exchange) integrals of the form (a'b"~c"d") for~R "~& R, are arbitrarily excluded, and thus the shaded portion of p"(r) shown in the figure is omitted from the sum. Consequently imbalance, but it is also apparent that the sum need not be taken beyond the point where 
where 6 = C*'C'C*'C". This may be broken into six terms:
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( 20) where R"=8"-H". Here again g is the lattice point group and g, is the appropriate degeneracy factor. The quantities J~, ","" and K","'""a,re inde- Loss of periodicity in the direction perpendicular to the surface necessarily leads to the generation of more nonunique two-electron matrix elements in methods (1) and (2). From the results of both semiempirical' slab calculations and ab initio cluster calculations"" it appears unlikely that sufficient layers will be required for this to be of serious consequence.
